FEMDINT Part2 (13, r5, 16 & rl &) with Mathematical4.0

R -
§0 % 1jg

notebook &AMFHMCIZ20FFEERNVET, TEERLLES,
inf49= ClearAll[" "]

F35 (GREL TS

in[51:=  findF12G12[f_] := Module[{f35, factors, posl, pos2, fi12, d,R1,R2, fi2factors,u,v,fp,fm,gl,g2,s

Clear[al,a2,a3,a4,a5,a6,a7];

f35 = F35 /. AssociationThread[{al, a2, a3, a4, a5, a6, a7} - ReverseeCoefficientList[f, x,

factors = FactorList[f35];

posl = Position[Exponent[factors[All, 1], x], 14][1, 1];

f12 = factors[posi] [1];

d = SqrteDiscriminant[f12, x];

fi12factors= FactorList[f12, Extension - d];

pos2 = Flatten@Position[Exponent[fl2factors[All, 1], x], 7];

{$f1,$f2} = (Expand [#/Coefficient [#, x, 7]] &) /@fl2factors[pos2] [All, 1];

u=- (t1+t2) /14+ (t1-t2) / (2Sqrt[-7]) ;

v=- (t1+t2) /14- (t1-t2) / (2Sqrt[-7]) ;
fp=($f1/.{x>u}) + ($f2/.{x->Vv});
fm=Sqrt[-7] (($Ff1/.{x-u}) - ($f2/.{x->Vv}));
gl=GroebnerBasis[{f/.{x- (t1+t2)/7},fp,fm}, {t1}, {t2}]1[1];
$g1-If[Coefficient[gl,t1,7]=!=0,Expand[#/Coefficient[#,t1,7]]1&[g1]/.{tl-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/. {u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant[f/.{x- (t1+t2) /7},fm/. {u>- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
PolynomialGCD[R1,R2,Extension-Automatic];
gcdl=PolynomialGCD [R1,R2,Extension-Automatic];
Expand[gcdl/Coefficient[gcdl,t1,7]]/.{t1l-x}];
g2=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t2}, {t1}][1];
$g2-If[Coefficient[g2,t2,7]=!=0,Expand[#/Coefficient[#,t2,7]1&[g2]/.{t2-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
gcd2=PolynomialGCD[R1,R2,Extension-»Automatic];
Expand[gcd2/Coefficient [gcd2,t2,7]]/.{t2-x}];
If[$g1l===x"7, {$f1,$f2,9g1,$g2}={$2,$f1,$82,981}];
Return[ {$f1,$f2,$g81,%$82} 1]

(#FindF3(3$F1, $F2DRERNDT, FfindF12G12H'BE[CEITINTVBZEIBHE )
findF3[f_] :=Module[ {R1,R2,gcd3},

R1=Resultant[f,$f1/.{x-> (t-Xx)/2},x];
R2=Resultant[f,$f2/.{x> (-t-Xx) /2},X];
gcd3=PolynomialGCD[R1,R2,Extension-»Automatic];

$f3= (Expand [#/Coefficient [#,t,7]]&[gcd3]) /. {t->Xx}]
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§1

In[53]:=

/== =
. EEDHE
ro ~re (& f DE xy ~ xs DEYEBNBLagrange D R T,

r0=x0+x1+ x2+ X3 + x4 + X5 +x6 ;

r1=x0+{x1+ "2 x2 +J"3 x3 +{"4 x4+J"5 x5 +{"6 X6;
r2=x0+{"2 x1+ {4 x2 +{"6 x3 +{ x4+J"3 x5 +J"5 x6;
r3=x0+{ "3 x1+ "6 x2 +{"2 x3 +{"5 x4+ x5 +{"4 x6;
r4=x0+{"4 x1+ {x2 +J"5 x3 +{"2 x4+J"6 x5 +{"3 x6;
r5=x0+{ 5 x1+ "3 x2 +{'x3 +{"6 x4+{"4 x5 +{"2 x6;
r6=x0+{"6 x1+ "5 x2 +{"4 x3 +{"3 x4+{"2 x5 +{ x6;

F1,F2,F3,G1, G2 (I TORRICERINETT. ([F1OEHTERD—DTY.

F1=(X- (X0+x1+x3)) (X- (X1+x2+x4)) (X- (X2+x3+x5)) (x- (X3 +x4+Xx6))
(X- (X0 +Xx4+x5)) (Xx-(XxL+Xx5+x6)) (X- (x0+x2+x6)) // Collect[#, x] &;
F2 = (X- (X0 +%x2+x3)) (X- (X1 +x3+x4)) (X- (X2+x4+Xx5)) (x- (x3+x5+x6))
(X- (X0 +Xx4+x6)) (X-(XxL+x5+x0)) (X- (Xx1+x2+x6)) // Collect[#, x] &;
F3 = (X- (X0 +x1+x3) + (X2+X4+X5)) (X- (X1 +x2+x4) + (x3+x5+x6))
(X- (X2+ X3 +X5) + (X0 +Xx4+x6)) (X- (X3 +x4+x6) + (X1+x5+x0))
(X- (X0 +X%x4+X%5) + (XL +X2+Xx6)) (X- (X1+X5+Xx6) + (X0 +x2+x3))
(X - (X0 +Xx2+x6) + (Xx1+x3+x4)) // Collect[#, x] &;

Gl = PolynomialMod[ (X - (rl+r2+r4)) (x- (Erl+Z"2r2+2% "4r4))
(X=(E"2Pr1+C"4r2+2rd)) (X- (EA3rl+E~6r2+L"5r4))
(X=- (E"4Pr1+E8r2+2°2rd)) (X- (EA5rl+E~3r2+L°6r4))
(x-(&"6r1+Z"5r2+%"3r4)), Cyclotomic[7, £]1] // Collect[#, x] &;
G2 = PolynomialMod[ (X - (r3+r5+r6)) (x- (E*4r3+Z"2r5+2r6))
(X=-(Er3+C24r5+222r6)) (X- (EA5r3+L76r5+L ~3r6))
(X- (E"2Pr3+E8r5+C 24r6)) (X- (EA6r3+L~3r5+L "5r6))
(x-(€”"3r3+8"5r5+%"6r6)), Cyclotomic[7, £]] // Collect[#, x] &;
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§2. I T\ (#)

ai, bi) Ci, di+) i_) € <1 = 1) 2) o 7) é%n%“n{:) Gl) GZ)
F'=F1+ Fo, FT =7 (F1- Fy), V-7 F30 (7- i) ROFEEETBE,
—Fmﬁ(:r'g, s, g :E\ r @ﬂf‘%?:tﬁ*@éi?.

riPrg+rarg+ryar3=-7a; (16)
r‘42r‘6+r‘12r‘5+r‘22r‘3:—1—2 b3+%d3+—id2_—1433 <17)
2 2 2 1 1 49 + 49 - 98
+ + = = == * == * == i
Pary Pe+ P Pg" M5+ M Py = — C4— - by 5 dg 5 dg T 24 (18)
r‘14r‘3+r‘24r‘6+r‘44r‘5:7e5+%cs—%bs—%—%+b3az—343a5 (19)

- (H)

B TlRrEoXzE JLIT-HEEBAVTENTHE
¥, FRRBX T BafTOcs OFREIL (-1/7) TIH,
FAOFETE (1/7) EBYELE. CITRADFERZROAEHTELE.

UFFEY, F, dif, di” [(EZNZNFp, Fm, dp;, dm; &RFELET.
if%%‘:ﬁtjt dpi) dmi, e;, bi) Ci é-f sky)ig-.

in[s8l:= Fp = F1+ F2 // Collect[#, x] &; (xFp=F**)
Fm = Sqrt[-7] (F1-F2) // Collect[#, x] &; (xFm=F )
{dp3, dp4, dp5, dp6, dp7} = CoefficientList[Fp, x, 5] // Reverse;
{dm3, dm4, dm5, dm6, dm7} = CoefficientList[Fm, x, 5] // Reverse;
{e3, e4, e5, e6, e7} = Sqrt[-7] CoefficientList[F3, x, 5] // Reverse;
{b3, b4, b5, b6, b7} = CoefficientList[G1l, x, 5] // Reverse;
{c3, c4, c5, c6, c7} = CoefficientList[G2, x, 5] // Reverse;
Infesl:= vars = {x0, x1, x2, x3, x4, x5, x6};
lagrange = {{1,1, 1,1, 1, 1, 1},
{1, ¢,¢"2,¢8"3, "4, g"5, £"6}, {1, £"2, "4, £"6, §, £*3, £"5},
{1, ¢~3,¢g"6, £"2, £*5, ¢, £"4}, {1, £"4, ¢, £"5, £*2, £"6, £"3},
{1, g~5, "3, ¢, £"6,£"4, "2}, {1, £"6, £"5, £"4, £"3, £"2, £}};
rules = AssociationThread[{reo, ri, r2, r3, r4, r5, r6} -» lagrange.vars];

Nnc ai, bi, ci, d1'+, di, eq Y X@~X6t -7 TRSNELE.

dp;, dm;, e; & BEIC xg~xs DR TT. by,
Ci Bxo~xg DRICEL [ =Cos[27/7] +iSin[27/7]]) &ELET.
CORFEKHSNTWBEIC e+ 22+ 8% = (14 +/-7) /2]

DY DD TENEFE>TRIHEICLET.

LUTOHEEPPERANNZDT,
BRENELGTHOMHTEL, EEREDH TDclosed cell [CANTWEYT.

{b3, b4, b5, b6, b7} = Collect[PolynomialMod[{b3, b4, b5, b6, b7} /. rules, Cyclotomic[7,]],] /. { A4 ->--A2+1/2 (-1 +
Sqrt[-71)} /| Simplify;

{c3, c4, c5} = Collect[PolynomialMod[{c3, c4, c5} /. rules, Cyclotomic[7,]],] /. { A4 ->-- A2 + 1/2 (-1 + Sqrt[-7])} //
Simplify;
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{b3, b4, b5, b6, b7}, {c3, c4, c5} [£(4)TT. FHMEL TS,

Zn—C‘a,-, b;,ci,di*,di, e b{‘Xo"' Xg & \/7 TRINZELE. T?'Ji(?fb3 [EROERICBYET,

in[70l:= b3

Out[70]=
7(—2x03—2x13—2x23+x22x3—j 7 x22x3 +x2x32+1 7 x2x32-2x33 1 x22 x4 - 1 \J7 x22 x4 +

2X2X3 x4+ x32 X4 -1 7 Xx32 x4 + x2x4% + 1 A7 x2x4% + x3x4% + i \J7 x3x4% - 2 x4% + x22 x5 +
i A7 x22X5-5x2Xx3X5+ 1 /7 X2 X3 x5+ x32x5 -1 7 X32X5-5xX2 x4 X5 - 1 \7 X2 x4 X5 +
2 X3 X4 X5 + x42 X5 — 1 /7 x4% X5 + X2 x5% - 1 /7 x2x5% + x3X5% + i 47 x3x5% + x4 Xx5% + i /7 x4 x5% -
2x5% +x22x6 - 1 V7 Xx22X6 + 2 X2 X3 X6 + X32 X6 + 1 7 X32X6 + 2 X2 X4 X6 — 5 X3 X4 X6 +
i A7 X3 X4 X6 +X4%X6 - 1 7 Xx42 X6 + 2 X2 X5 X6 — 5X3 X5 X6 - 1 \/7 X3 X5 X6 + 2 X4 X5 X6 +
X52 X6 — i 47 X52 X6 + X2 X6% + i /7 X2 X6 + X3 x6% - 1 7 X3 X6 + X4 X6 + i V7 x4 x6% + X5 X6 +
i \7 x5x6% - 2x6% +x1? (X2 -1 V7 X2+ X3 -1 V7 X3+ x4 +1 \7 x4+ X5-1 \7 X5+ x6+1i V7 x6) +
x@z(xl—j 7x1+Xx2-1 47 X2+x3+1 N7 X3+ x4-1 N7 X4 +x5+1 V7 X5+x6+1i 7 x6) +
XL ((1+17)x22+ (1+1 47) x32+ (<51 47) x3x4+x4% - i 7 x4? +
2X4 X5+ X5% + 1 /7 X5%2 + 2X4 X6 - 5X5X6 + i 17 X5X6 + X6 - 1 7 X6+
2X3 (X5+X6) +X2 (2X3-5x4+1 V7 X4+2x5-5x6-1 V7 x6)) +
x0 ((1+17)x1%+ (1+1~7) x22+x3%2 -1 17 x32+ 2x3 x4 + x42 + i /7 x42 +
2X3X5-5X4 X5+ 1 \/7 X4 X5+ X5% — i /7 X5% +2X3X6 - 5X4 X6 — i \/7 X4 X6 +
2X5X6 + X6% — 1 /7 X6% + X1 (2X2-5x3+1 V7 X3 +2x4-5X5 -1 \/7 X5+2x6) +

x2(-5x3-]1 7 X3+2x4+2X5-5%6+1 7x6)))
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§3. NTHDEFRRZ M 1 (EANIRHK DI LI F-EIE)

X ~ Xg @kmgzﬁﬁﬂ'\ﬁ%ﬁ Sk t[}, {51, Sy — Az, S3+ A3, Sq4— Az, Sg+ Ag}
EVSAFTNOILTF-RIE base & (EUET (8 [2311917] TF).
BH sy =0 LIRELTVNBDT sq [CIFBFTETIEEA.

inf71= {sl1, s2, s3, s4, s5, s6, s7} = Table [SymmetricPolynomial[k, vars], {k, 1, 7}1;
base = GroebnerBasis[{sl, s2-a2, s3+a3, s4-a4, s5+a5, s6-a6, s7+a7},
Reverse[vars], MonomialOrder - Lexicographic]
out[72]=
{a7 + a6 x@ + a5 x0% + a4 x0> + a3 x0* + a2 x0° + x0,
a6 + a5 x0 + ad x0% + a3 x0° + a2 x0% + x0° + a5 X1 + a4 x0 x1 + a3 x0% x1 + a2 x0° x1 + x0° x1 + a4 x1° +
a3 x0 x12 + a2 x0% x12 + x0* x12 + a3 x13 + a2 x0 x13 + x03 x13 + a2 x1* + x0% x1* + x0 x1° + x16,
a5 + a4 x0 + a3 x0% + a2 x0% + x0° + a4 x1 + a3 x0@ x1 + a2 x02 x1 + x0* x1 + a3 x1? + a2 x8 x12 + x> x12 +
a2 x1% + x0? x13 + x0 x1% + x1° + a4 x2 + a3 x0 x2 + a2 x0% x2 + x0* x2 + a3 x1 X2 + a2 x0 x1 x2 +
x03 X1 x2 + a2 x12 x2 + x0% x12 x2 + x0 x1° x2 + x1* x2 + a3 x22 + a2 x0 x22 + x0° x22 + a2 x1 x2% +
x0% x1 x2% + x0 x12 x22 + x13 x22 + a2 x2 + x0% x23 + x0 x1 x2° + x12 x2° + x0 x2% + x1 x2* + x25,
ad + a3 x0 + a2 x0% + x0% + a3 x1 + a2 x0 x1 + x0% x1 + a2 x1% + x8% x12 + x0 x1° + x1% + a3 x2 +
a2 x0 x2 + x0° x2 + a2 x1 x2 + x0% x1 X2 + x0 x12 x2 + x13 x2 + a2 x22 + x0% x2? + x0 x1 x22 +
x12x2% + x0 x23 + x1 x23 + x2* + a3 x3 + a2 x0 x3 + X0 X3 + a2 x1 x3 + x0% X1 X3 + x0 x12 X3 +
x13 X3 + a2 x2 X3 + x0% x2 X3 + X0 X1 X2 X3 + x12 x2 x3 + x0 x22 x3 + x1 x22 x3 + x23 x3 + a2 x32 +
x02 x32 + x0 x1 x32 + x12 x32 + x0 x2 x32 + x1 x2 x3% + x22 x3% + x0 x3% + x1 x33 + x2 x3% + x34,
a3 + a2 x0 + x0% + a2 x1 + x0% x1 + x0 x12 + x13 + a2 x2 + x0% X2 + x0 x1 x2 + X12 X2 +
X0 x22 + x1 x22 + x23 + a2 X3 + x0% X3 + X8 X1 x3 + x12 X3 + X0 X2 x3 + X1 x2 X3 + x2% X3 +
X0 x3% + x1 x32 + x2 3% + x3% + 22 X4 + x0% x4 + X0 X1 X4 + x12 x4 + X0 X2 X4 + X1 X2 X4 +
x22 x4 + X0 X3 X4 + X1 X3 x4 + X2 X3 x4 + x32 x4 + x0 x4% + x1 x4% + x2 x4% + x3 x4% + x43,
a2 + x0% + x0 X1 + x12 + X0 x2 + X1 X2 + X22 + X0 X3 + X1 X3 + X2 X3 + X32 + X0 x4 + X1 X4 + X2 X4 +
x3x4+x42+x0x5+x1x5+x2x5+x3x5+x4x5+x52, x0+x1+x2+x3+x4+x5+x6}

[OXV ] Tbasel [§ EARFIRR syl o EVWIABIETFLLEITY. (k=2,..,5) FIZIEREEUME
W3 TY.

[T %13 + X3 + X33 B Xq + Xp + X3, Xg Xp + Xz X3 + X3 X1, Xq Xp X3 ZFAVTERE

[#2% ] grb = GroebnerBasis [

{X1+x2+x3-p, XxIx2+x2x3+x3x1-q, x1x2x3-r}, {x3, x2, x1, p, q, r}]
{-r+ax1-px1?+x1%, g-pxl+x1%-px2+x1x2+x2%, —p+xL+x2+x3}
PolynomialReduce[x173 +x2”3 + x3~3, grb, {x3, x2, x1, p, q, r}]

{{3,2p-2x1+x2+x3, p>-q-pXxL-px2+Xx1x2+px3-x1x3-x2x3+x3*},
p’-3pq+3r}
F2ERE Ix3 +x3 +x33 =

(X1 + Xy +X3) 2 =3 (Xg +Xp+ X3) (Xg Xo+ Xy X3+X3X1) +3 Xg X X3 ] #RLET,
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§4 T () MEEER ZM2

§4 -1 rmix, =
r‘l P6 + r‘z r‘5 + r‘4 r‘3 GD’F—E%-%/\] <J’>{—F, Ple@fﬁigﬁilj:;)/_\'é&?‘?)

NIE r % xo~ xs DRITEL, base [CKB[EHIFEZFTREVES. BHMathematicaTlE [FEHI (L
[PolynomialReduce | #{F N7

w1~ PolynomialReduce [poly, {poly,, poly,, ...}, {x1, X2, ...} ]
poly; [C&2T poly ZFEHILIZYARERT, KEBUAME ({a1, a2, ...}, b} DFETHY,
b [$F/INT, poly & ay poly, + az poly, + ... + b [ZZELL),

nir- [B] F=x23+yn3;
p={x*"2-y*"2-1, x+2y-7};
PolynomialReduce[f, p, {X, y}]
[{x, 1+y?}, 7-2y+7y*-y?}

FF M rmix, & xo~ xs DR TERLTIL + ¢+ 2+ +8=0] & [ + 2+ =(-1+\-7)/2] &(E->TH
HCLETY.

niz3l= {r@, rl, r2, r3, r4, r5, r6} = lagrange.vars;

in[741:= rmix2 = PolynomialMod[ (r1ré6 +r2 r5 +r4r3), Cyclotomic[7, £]]

Qut[74]=
3x0% - x0 x1 + 3 x1% - x0 x2 - X1 x2 + 3 x2% - x0 x3 - x1 x3 -

X2 X3 + 3x3% - X0 x4 — X1 x4 — X2 x4 - X3 x4 + 3 x4% - x0 x5 - x1 X5 - X2 X5 -
X3 X5 - X4 X5 + 3 X52 - X0 X6 - X1 X6 — X2 X6 — X3 X6 — X4 X6 — X5 X6 + 3 X6°

RIZbase #E>T, rmix, 2L,

in[7s1:= PolynomialReduce[rmix2, base, vars]

out[75]=
{(0,0,0,0,0,3, -4x1-4x2-4x3-4x4-4X5-X6},

—332+4X12+4X1Xx2+4x2%2+4X1IX3+4X2X3+4x32+4xX1 x4 +4X2X4 +4 X3 x4 +4 x4+
4x1x5+4x2x5+4x3x5+4x4x5+4x52+4x1x6+4x2x6+4x3x6+4x4x6+4x5x6+4x62}

INIF [rmix2=(0,0,0,7,-4X0 - --- + 3x6)-base] + (-7 a2) #RLEIN, a2,a3,.. [FEEZZEIHD
T, base[IEANTMVTY. #IC [rmix2 = (BHILI=RY)=-7a2) £HVET.
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§4 - 2 rmixs = ry® rg + ri2 rs + ry% rs O

£ rmixs Z xo~ X DA TERLTIL + ¢+ 2+ +78=0] £ [ + 2+ *=(-144/-7)/2] ZfFE>TH
HCLETY.

In[76l:= rmix3 =
(PolynomialMod [r4~2r6 + rl”~2r5 +r222r3, Cyclotomic[7, £]1] // Collect[#, £] &) /.
{E"4 5 -2-222+1/2(-1+Sqrt[-7])} // Simplify

Out[76]=

(6x03+6x13+6x23—3x22x3+j 7 x22x3-3x2x32-1 7 x2x32+6x3>-3x2%2x4+1i 7 x2%2x4 +

N

8X2X3x4-3x3% x4+ 1 V7 x32x4 - 3x2x4% - i V7 x2x4% - 3x3x4% - i /7 x3x4% + 6 x4> -
3x22 x5 -1 A7 x22 X5 - 6x2x3 X5+ 61 A7 X2 X3 X5 - 3x32x5 + 1 /7 x32 X5 - 6 X2 x4 X5 -
61 A7 X2X4 X5+ 8Xx3x4X5-3x42x5+1 /7 x42 x5 -3x2x5%2 + 1 7 x2 x5% - 3 x3 x52 -
i 47 x3x5% -3 x4x5% -1 /7 x4x5%+6x5>-3x22x6+1 7 X2% X6 + 8 X2 X3 X6 — 3 x3% X6 -
1 /7 x32X6 + 8 X2 x4 X6 - 6 X3 x4 X6 + 61 7 x3 x4 X6 - 3x42x6 + i [7 x4 X6 + 8 X2 X5 X6 -
6X3X5X6 - 61 /7 X3 X5 X6+ 8x4xX5X6 - 3x52x6+ i \/7 x52x6 - 3x2x6% - i /7 x2 x6% -
3x3x6% + 1 V7 x3x6% - 3x4x6% - i V7 x4 x6%-3x5x6% - i 7 X5x6% +6x6> + i x0?
((3i+7)xL+ (3i+47)x2+3ix3- V7 x3+3ix4+~7 x4+31x5-~7x5+31x6-/7x6) +
ix1? ((31+47)x2+ (31+7)x3+31ix4- /7 x4+31x5+ /7 x5+31x6- 7 x6) +
XL ((3-1~7)x2%+ (-3-147)x3%+ (-6-61+7)x3x4-3x4%+1 7 x4*+
8x4X5-3x52 -1 /7 x52+8x4X6-6X5x6+61 /7 x5x6-3x6%+1 7 x6%+
8X3 (X5 +X6) +X2 (8X3-6X4+61 7 x4+8x5-6x6-61 7 x6)) +
x0 ((-3-1~7)x1%+ (<31 47) x22 -3x32+1i /7 x32 + 8x3 x4 - 3x4% — i /7 x4
8X3X5-6X4X5+61 A7 x4x5-3x52+1 /7 x52+8X3X6-6x4X6-61 7 x4 X6+
8X5x6 - 3x6% + 1 17 x6% + X1 (8X2-6X3+61 /7 x3+8x4-6X5-61 /7 X5+8x6) +
x2 (6x3-61 7 x3+8x4+8x5-6x6+61 7 x6)))

i3 base CEWLTEMECBYERA, FEHRXTEIROERICHE>TVEYT, (G = base)

For the first invariant F1, we compute its normal NF

(F1) formby G.If it belongs to a basis of the free module of

invariants (i.e.its leading termdepends only on the x;) ,
we 1introduce anew indeterminate f1 and the polynomial

P1 :=NF (F1) - f1.Fromnowon,
the normal form procedure is modified and consists in reducing first by G,
then by P1,
apolynomial being reducible by some Pionly if its leading term is the product
of the leading term of Pi by amonomial which is independent of the x;.

)

INICHED L, ROMRICEZEBVWET . (BREENSEBYCERAOETEIRAGNTVNERA, £O
SHEAX DAEDTHEERHYEEA.) %3 rmix3, b3, 3, dp3, dm3 & base TRHKILERVERS, Z
NZENEBEEAXFICLERLEE5ZET.
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In[77]:=

out[77]=

{7— i

{Rmix3, B3, C3, Dp3, Dm3} =

PolynomialReduce[#, base, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5}][2] & /e
{rmix3, b3, c3, dp3, dm3}

2
(-35ia3+ 7 a3+27 a2x0 - 14ia2x1 -6 /7 a2x1 - 141 x0” x1 - 10 /7 x@* x1 - 14 i x0 x1° - 8 \/7 x@x1* - 14 i x1° -

8 47 x1® +14i x0> x2 + 4 \/7 x02 x2 + 141 x@ X1 X2 - 8 \/7 x0x1 x2 - 16 4/7 x1?> x2 + 14 i x@ x2° + 10 /7 x8x22 -
10 V7 x1x2% + 27 x2° - 141 a2x3 + 6 /7 a2 x3 - 141 x0*x3 + 4 /7 x0%x3 - 42 1 X0 x1 X3 - 12 4/7 x0 X1 X3 -
281 x12x3 -6 V7 x12Xx3 - 141 X8Xx2 x3 + 16 /7 x8X2Xx3 - 141 x1x2x3 - 180 4/7 X1 x2x3 - 14 1 x2° x3 +

6 V7 x2°x3 -141 x0x3% + 2 /7 x8x3% - 281 x1x3% - 4 /7 x1x3% - 141 x2x3% + 4 /7 x2x3? - 141 x3* +

4 ~J7 x3> -2 /7 a2 x4 + 141 x0% x4 - 10 \/7 x0? x4 - 16 /7 X0 x1 x4 - 14 i x12 x4 - 18 /7 x1% x4 + 28 i X0 X2 X4 -
141 X1 x2x4 - 20 V7 X1x2x4 +141 XOX3x4 +2 7 x0x3 x4 -281 x1x3x4+6 A7 X1 x3x4 +10 /7 x2x3x4 +
6 V7 x32 x4 + 141 X0 x4 - 4 \[7 x@ x4 - 14 1 x1 x4? - 8 /7 x1 x4% + 2 \[7 x2 x4 + 12 /7 x3x4% - 2 /7 a2 x5 -
247 x02x5 - 141 x0X1 X5 + 2 V7 X0X1X5 -6 V7 x12 X5 + 14 1 X0 X2 X5 + 6 7 X0 X2 X5 + 14 1 X1 X2 X5 -

8 /7 X1Xx2 X5 +2 A7 x22X5 -4 4/7 x0x3Xx5 -6 4/7 X1 x3 x5 - 141 x2x3X5 - 8 /7 x2x3X5 - 6 4/7 x32 x5 -
14 /7 X0 x4 X5 -4 \/7 X1 x4Xx5 -141X2X4X5+6 V7 X2x4X5 +141 x3x4X5+ 2 7 x3x4x5-2 7x42x5>,

(49+ 71 47)a3+14i 7 a2x@ + (-49+ 71 7) a2x1+ (-49 - 211 7)) x@* x1 +

(-49 - 71 A7) x0x1? + (-49 - 71 7 ) x1® + (49 - 211 /7 ) x0*x2 +

(49-71 47 ) xex1x2 - 141 7 x12x2 + (49 + 211 7 ) x@ x2? +

281 A7 x1x2? + 140 N7 x2° + (-49 - 71 A7) a2x3 + (-49 - 211 /7 ) x@? x3 +

(-147 - 351 A7) x@x1x3 + (-98 - 421 /7 ) x12x3 + (-49 - 351 V7 ) x@ x2x3 +

(-49 - 211 V7)) x1x2x3 + (-49 - 71 \J7) x2>x3 + (-49 - 351 /7 ) x0 x3° +

(-98 - 281 \7) x1x3% + (-49 - 21i 7 ) x2x3> + (-49 - 211 V7)) x3> - 141 7 a2x4 +

(49 -21i V7)) x0° x4 - 14 i V7 x@ x1 x4 + (-49 - 211 7 ) x1° x4 + 98 x@ X2 x4 +

(-49+7i A7) x1x2x4 + (49 - 351 7)) x@x3 x4 + (-98 - 561 /7 ) x1 x3 x4 -

281 A7 x2x3x4 - 561 7 x32 x4 + (49 + 211 /7 ) x@ x4 + (49 - 7 i /7 ) x1x4 +

141 A7 x2x4% - 14 7 x3x42 - 143 7 a2x5 - 141 /7 x@* x5 + (-49 - 351 4/7 ) x@ X1 X5 -

421 A7 x12x5 + (49 -7 1 A7) x@x2x5 + (49 - 71 7 ) x1x2x5 + 141 /7 x2* X5 -

281 A7 x0x3X5 - 421 7 x1x3x5 + (-49 - 71 A[7) x2x3 x5 - 421 /7 x32 x5 -

281 A7 X1x4X5+ (-49 -7 V7)) x2x4 x5 + (49 - 351 7)) x3x4x5 - 141 7 x4 x5,

(49-71 47)a3-14i V7 a2x@+ (-49 - 71 7)) a2x1+ (-49+21 i 7)) x@* x1 + (-49 + 71 7 ) xex1? +
(-49+71 A7) x1>+ (49 + 211 7 ) x@?x2+ (49 + 71 7 ) x0x1x2 + 141 /7 x1*x2 +

(49 -21i V7 ) x0x2? - 281 V7 x1x22 - 141 V7 x2® + (-49 + 71 N7 ) a2x3 + (-49 + 21 \7) x@* x3 +
(-147 + 351 A7) x@x1x3 + (-98 + 421 /7 ) x1°x3 + (-49 + 351 V7 ) x0x2x3 + (-49 + 210 /7 ) x1x2x3 +
(-49+ 71 A7) x2>x3 + (49 + 351 V7 ) x0x3” + (-98+ 281 /7 ) x1x3% + (-49 + 211 7 ) x2x3” +
(-49+211 7)) x3® +141 7 a2x4 + (49 + 211 7)) x0* x4 + 141 /7 x@x1 x4 + (-49 + 21 i /7 ) x1> x4 +

98 X0 X2 x4 + (49 - 7i V7)) x1x2x4 + (49 +351 7 ) x0x3 x4 + (-98 + 5610 /7 ) x1x3x4 + 281 7 x2X3 x4 +
560 V7 x32x4+ (49 - 213 7 ) x0x4% + (-49 + 71 A7) x1x4% - 141 A7 x2x4% + 14 i 7 x3 x4? +

141 /7 a2x5 + 143 7 x0* x5 + (-49 + 351 /7 ) x@ X1 x5+ 421 47 x12 X5 + (49 + 71 /7 ) x@x2 x5 +

(49+ 71 47) x1x2x5 - 141 7 x22 x5 + 281 /7 x@x3 X5 + 421 V7 X1 x3x5 + (-49 + 71 /7 ) x2x3 x5 +

421 A7 x32x5 + 281 /7 XLX4X5 + (-49 + 7@ V7 ) x2x4 x5 + (49 + 351 7)) x3x4 x5 + 141 7 x4 x5,

—2a2x1-2x0%x1-2x0x1% - 2x1% + 2x0? X2 + 2x0 X1 X2 + 2 X0 X2° - 222 x3 - 2x8% x3 - 6 X0 x1 x3 - 4x1% X3 -

2X0X2X3 - 2X1x2X3 - 2%x22x3 - 2x0x3% - 4x1x3% - 2x2x3% - 2x3% + 2x0% x4 - 2x12 X4 + 4 X0 X2 X4 - 2X1 X2 X4 +
2x0x3x4—4x1x3x4+2x0x42—2x1x42—2x0x1x5+2x0x2x5+2x1x2x5—2x2x3x5—2x2x4x5+2x3x4x5,
217 a2x1-21 7 x0%x1 -21i /7 x0x12 - 21 7 x1% + 21 /7 x0?x2 - 21 7 x8x1 X2 -

41 7 x12x2+21 7 x0x2% - 41 /7 x1x22 +21 /7 a2x3 + 21 7 x0%x3 - 21 /7 x0x1x3 +

61 V7 x0Ox2x3-21 7 xI1x2x3 +21 V7 x22x3+21 7 x0x3% +21 /7 x2x32+ 21 /7 x3% -

21 A7 x0%x4 - 41 7 xOx1x4 - 21 A7 x12x4 - 61 V7 xIx2x4 +21i 7 x0x3x4+ 41 A7 x1x3 x4 +

41 7 x2x3x4+41 7 x3%x4 - 21 V7 x0x4% - 21 7 x1x4% + 41 7 x3x4% + 21 /7 x0x1 x5 +

21 V7 x0Xx2x5-21 A7 X1x2X5-21 \/7 X2x3X5-41 \/7 x0x4x5 +21 7 x2x4x5 + 21 \/7x3x4x5}

£I'B3DLT(Leading Term)(& x; DHBD T, B3IFHILZFTY. £oT Dp3%(B3-m1)CREKILET .
(M1EB3D £ FI T ANEZ# (indeterminate))
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In[78l:= DDp3 =
PolynomialReduce [Dp3, B3 -ml, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}][2]
Out[78]=
—2a2x1-2x0%x1-2x0x1%-2x13+2x0%x2+2x0x1x2+2x0x2%-2a2x3-2x0%x3-
6 X0 X1 x3-4x12x3-2x0x2x%x3-2x1x2x3-2x2%2x3-2x0x3%2-4x1x3%2-2x2x3?%-
2x3%+2x0% x4 - 2x1% X4 + 4 X0 X2 x4 - 2 X1 X2 X4 + 2 X0 X3 X4 - 4 x1 X3 X4 + 2 X0 x4° -
2 X1 x4% — 2 X0 X1 X5 + 2 X0 X2 X5 + 2 X1 X2 X5 - 2 X2 X3 X5 - 2 X2 X4 X5 + 2 X3 x4 X5

DDp3DLTIE x; DRED T, T ZEHH T, £o>T Dm3%{B3-ml, DDp3-m2} CREHKILET . (m2(d
Dp3N&REICAEEE) .

in[791:= DDm3 = PolynomialReduce[Dm3, {B3 - m1, DDp3 - m2},
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7} ][2]
Oout[79]=
A7 mM2-41 A7 x0x1x2-41 7 x12x2-41 A7 x1x2%2+41 7 a2x3+41 /7 x0% x3 +
4137 x0x1x3+41 7 x1°x3+81 /7 x0x2x3+41 /7 x2°x3+41 /7 x@x3+
417 x1x32+41 7 x2x32+41 7 x33-41 7 x0?x4-41 7 x0x1x4-41i 7 x0x2 x4 -
417 xIx2x4+81 7 x1x3x4+41i 7 x2x3x4+41 7 x32x4-41 7 x0x42+
417 x3x42+41 7 xOXIx5-41 /7 xI1Xx2X5-41i 7 X0 x4X5 +4 1 /7 x2 x4 x5

DDM3DLT(E x; DHXBDT, ML ZEITY. K> THREIZRmix3 % {B3-m1, DDp3 - m2, DDmM3-m3} T
EHLET . (Mm3IIDM3DEFI T AEEE).

in[gol:= RRmix3 = PolynomialReduce [Rmix3, {B3 - m1, DDp3 - m2, DDm3 - m3},
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}][2] // Expand

Out[80]=
ml 21m2 7m3
~14a3- — + —
14 4 4
ml, m2, m3(EZN%N B3, DDp3,
DDm3 @ [& &7 DT {B3-ml, DDp3 - m2, DDM3 - m3} [IEFRTMLTT,
b3 21dp3 7dm3
$oT R EHLERYOHERT, [rmixs = 1423~ — 4" S ehyET
L EoEEBELLETOYSLNRO [relation] TY.
relation[{vl, v2, v3, -, vo}] T v, & vi~v, 1 DR TERLET.
U vi OB my T,
FrEvi~vp g BTy, B vi~vy OERTBEITTIVICA>TVWBRENRLETT,
in[g1]:=  relation[polys_List]:=Module[{vars,list,nbase,new,k},

vars={x6,x5,x4,x3,x2,x1,x0,A2,A3,A4,A5,A6,A7};

list=Simplify[PolynomialReduce [#,base,vars] [2]&/@polys];

k=1;

nbase={1list[1]-m1};

Do [k++;new=Simplify [PolynomialReduce [1list[k] ,nbase,vars] [2] ] ;AppendTo[nbase,new-ToExpression |
Expand@Simplify [PolynomialReduce [Last[list] ,nbase,vars][2]]]

rmix3 & I ZEHODES {dm3,dp3, b3} TERIEEE, BHIRERORICADLET. BREILD
RRmix3 & —EL XY,
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In[82]:=

Out[82]=

relation[{dm3, dp3, b3, rmix3}]

7ml  21m2 m3
+

4 4 14

-14 a3 -

[IXVR1)2ZT BIRIE B3EDp3DMEICC3 £EXBERDERICHYFE
¥

CC3 =
PolynomialReduce[C3, B3 -ml1, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}][2]

98 a3 -ml - 98 a2 x1 - 98 x02 x1 - 98 x0 x12 - 98 x13 + 98 x02 x2 + 98 x0 x1 X2 +
98 x0 x22 - 98 a2 x3 - 98 x02 x3 - 294 x0 x1 x3 - 196 x12 x3 - 98 x0 x2 x3 - 98 x1 x2 X3 -
98 x22 x3 - 98 x0 x32 - 196 x1 x32 - 98 x2 x3? - 98 x3> + 98 x0? x4 - 98 x12 x4 +
196 X0 X2 x4 — 98 X1 x2 x4 + 98 X0 x3 x4 - 196 X1 X3 x4 + 98 x0 x42 - 98 x1 x4? -
98 X0 X1 X5 + 98 X0 x2 X5 + 98 x1 x2 x5 - 98 x2 x3 x5 - 98 x2 x4 x5 + 98 x3 x4 x5

DDp3 = PolynomialReduce [Dp3, {B3 -ml, CC3 - m2}, > -2a3+ %9’"2
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7} ]1[2]

DDp3 DLTIE x; DR THVNS, Dp3(dMizZH THYFHA.
EORH(E Tdp3 =-2a3+1/49 (b3+c3)] #RLET.

(A R2) JUTH-EEZEEETETR, R4IA%2T20T, BEATELGENISDEL
I
rmix3 - (14s3-b3/14+21/4dp3-7/4dm3) // Factor

g (X0 + X1 + X2 + X3 + x4 + X5 + X6)

(5x02+24xex1+5x12+24xex2+24x1x2+5x22+24xex3+24x1x3+24x2x3+5x32+

24 X0 X4 + 24 X1 X4 + 24 X2 X4 + 24 X3 X4 + 5 X42 + 24 X0 X5 + 24 X1 X5 + 24 X2 X5 + 24 X3 X5 +
24x4x5+5x52+24x0x6+24x1x6+24x2x6+24x3x6+24x4x6+24x5x6+5x62>

X0 + X1 + X2 + X3 + x4 + X5 + x6 = 0] LIRELTNZDT,
BEMIC [rmix3 = -14a3-b3/14+21/4dp3 -7 /4dm3] TS, (a3 = -s3TY. )

(AXVRI) [TV F-EEDBAIEMEVNGLOZE LS ol AZEUELE. EFRAERWVWE &
EOEENDNSY, HROREFER T rmix3 % a3,b3, dp3,dm3 TRIDENDS, a3,b3, dp3,
dm3 DI LI F—EEGEEST, rmix3% GCREWINERVWDTIE? | EBoTWELE. LALILTT
—-EENMIBBO>TEEETEL A, ZITEBEOVPYAETIZRYELILEIIEER, ZOVYA
ZHLCRTHBE, BIZIEIROFRIRADAEAXDEERERHEDIC, ERBOEARSHRADIL
TH-EENSAT-LTWEY, FEIZ[H={B3-m1,DDp3- m2,DDm3 - m3}REFI LI T-EETIE
BLWODT, HCEMLTE—RISRESHBWET. JoTHOI LI F-EEZRHTHGREHILENEN
FHRWIEBSTVELED, ESVOBEHLEERN X 28FRVEER, BFEERTE, —RICE
FRH=VTY., BRI ROFERE RRmix3 E—RUET.LALEITEBEELGVES. BIZETO
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FTEI0.7#TY. {dm3, dp3, b3, rmix3} Cl& 0.2#TLL.

relation[{b3, dp3, dm3, rmix3}]» -14a3- = + =2 - 2

JUITF-EERALE [CENMRNTY,
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§4 - 3 rmix, = ra P2 rg + ryr® rs + ry re? rs DK
b4, c4,dp4 dm4 HMHIL THEIL&FBHDE, FHHICNTEEXT.

in[gsl= rmix4 = (PolynomialMod[r4 r272r6+rir4~2r5+r2ri~2r3, Cyclotomic[7, £11) /.
{Er4 5 -C-£"2+1/2 (-1+Sqrt[-7])} // Simplify;
relation[{b4, c4, dm4, dp4, rmix4}]

out[84]=
98a4 ml m2 49m3 49m4
-—t— + +

3 42 21 12 12

98a, b, ¢, 49d," 49d,
-—+— + +

3 42 21 12 12

NiE Nemix, = - | ZERBRLET.

§4 — 4 rmixs = r1* rs + rt rg + rgt re DEHY

INE b5, c5,b3 s2,e5,dp5,dm5 ML THEIILERHDE, MEICHHUTELS. UTOHER
20 (FEHMVET )

in[gsl:= rmix5 = (PolynomialMod[r174 r3 +r2”24r6 +r4~4r5, Cyclotomic[7, £11) /.
{Er4 5 -C-£"2+1/2 (-1+Sqrt[-7])} // Simplify;

inigel:= relation[{b5, c5, b3 s2, e5, dp5, dm5, rmix5} ]

Out[86]=
3ml m2 343m5 343 m6
-343 a5 - +— +m3+7m4- -
14 7 4 4
3b C 343 ds* 343 dg”
NI Trmixs = -343 a5 - —— + — +bya,+7 eg > > 1 %%LFT
14 7

FADEFTE TRIORRIC cs DFREIS 1/ 7 ERYELED,
BGRXTIE (-1/7) EBoTWELE, M ENSROBRSIHNDSNELL.

rirg+rorg+rgr3=-7a, (16)

r‘42r‘6+r‘12r‘5+r‘22r'3:—1—];lb3+%d3+—%d3_—14a3 (17)
2 2 2 1 1 49 ;. 49 ; _ 98

PalP P+ PP Ps+ryP“Pr3=—=—C-—byg+—=ds*+=d;, -= a 18

Al e+ PP Ps 4P M3 = = Cq— o b+ Sy + - dy — 3y (18)

r‘14r'3+r‘24r'6+r‘44r-5:7e5+%cs—%bs—%—%+b3az—343a5 (19)

ERXOBEDEK, ~ky LEBLE, rq, ry, rg RFOTVWBEET,
RDrs, re, rg ICBATREL—RAEREBYET,
ELDOITHOrankh 3L LRSI, rs, rs, rg i r; DR TEREET.

ri r2 r4 k1

r4?  p12 p2? rg k2
rg | =

r22r4 rlr4? ri1?r2 3 k3

r24 r4 r14 k4
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§5 mat DITH =

(16), (17), (18) DA LHMMEZ1TFImatD1TFI =% det (16, 17, 18)
BELEL, UTORICRYET. (R THdet3D b2 OFRHIS (- 2)EBoTVELE. ZZRFADE

BREREHEELR)

detl - det (16, 17, 18) -% b6—4—19 b,? (20)

det2 = det (16, 17, 19) —b7—% bs by (21)

4—19 bs2 - 536 by bs  (22)

det3 = det (16, 18, 19)

X9 D % DA TERLET.

in[g7):= Clear[rl, r2, r3, r4, r5, r6, ki, k2, k3, k4]
mat = {{rl, r2, rd}, {r4"~2, ri~2, r222},
{rd4 r2~2, rl rd~2, r2 ri~2}, {r224, rda*4, ri*4}};
detl = Det[mat[{1, 2, 3}71]
det2 = Det[mat[{1, 2, 4}]1]
det3 = Det[mat[{1, 3, 4}11]

Out[89]=

r1® r2 + r2° r4 -3r1® r2° r4® + rira’
out[90]=

rl’ +r2’ - r1?r2* r4a - r1* r2r4® - r1r2’ ra* + ra’
Out[91]=

r1? r2° - r1*r2’ ra + r1® ra® - rir2* ra® - r1’ r2 ra® + r2% rat

FFRX T [#E14] LRABRDTTE (r & by BEDTLIT-EE) TRHOTWEIA,
fEZB%ZE [pE14] TEZOHENBRTCELANEDT,
CCTIIMIL%E xg~ x DRICEL, §3D [relation] TAERALEY.

1. ETEBMIDEENMDBDT, textoH T, EROAFRRLET.

detl =det1 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars];

detl = (PolynomialMod[det1, Cyclotomic[7, {]] // Collect[#, ] &) /. {{74->-- {72 +1/2 (-1 + Sqrt[-7])}//
Simplify; (+xo~Xs D CET*)

relation[{b6,b3/2, detl1}]

ml m2
In[¢]:= -— - —
7 49
Thid Tdet1 = > % | %039,
7 49

2. EITRRENDEENNBDT, text o T, EROARRLET.

det2 =det2 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars]
det2 = (PolynomialMod[Simplify[det2], Cyclotomic[7, {]] // Collect[#, {] &) [.{{"4 ->-T- {2 +1/2 (-1 + Sqrt[-7])} ;
relation[{b7, b4 b3, det2}]
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In[« ]:=

Out[«]=

Out[«]=

4 m2
-ml - ——
49

Nl3 [det2 = -b, - 419 by b,] ZFRLET.

3. ETERN10DEENDBDT, textiEeR T, EROARRKLET,

det3 =det3 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars];
det3 = (PolynomialMod[Simplify[det3], Cyclotomic[7, {]] // Collect[#, {] &) [.{{"4 ->-T- {2 +1/2 (-1 + Sqrt[-7])} ;
relation[{b472, b5 b3, det3}]

ml 3m2

49 196

T b2 - b, b £#ELET,
49 196

[IXV 1] ERTH [det3 - 4_19 b2 - é by bs | E12TWELER,
INEIATURL BT,

BIZ L Tvars={x0, x1, x2, x3, x4, x5, x6} - {1,-1,1,-1,1,-1, 0} | ZX AL THENHELT.

= det3=det3 /. AssociationThread[{r0, r1,r2, r3, r4,r5, r6} -> lagrange . vars];

det3 = (PolynomialMod[Simplify[det3], Cyclotomic[7, {]] // Collect[#, {] &) [. {4 ->-Z- A2 +1/2 (-1 + Sqrt[-7])};
det3 +1/49 b4A2 + 3/196 b3 b5 /. AssociationThread[vars -> {1, -1, 1, -1, 1, -1, 0}] // Simplify
det3 - 1/49 b4A2 +3/196 b3 b5 /. AssociationThread[vars -> {1, -1, 1, -1, 1, -1, 0}] // Simplify

22050
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§6 (#)7‘.—)\6/’3,r5,r67&r10):_5t—6‘43§_§_

[FormulaPartl.nb] &V [by = .- =bg =0, b, 0],
[b; =0, bybsbgb, #0], by +0] MD3IBYEEZZBLRW\TTY,

by=--=bg=0, b, +0DEE det2 = det (16, 17, 19) # 0

b; =0, bybsbgb; + 0DEE  detl = det (16, 17, 18) # 0

b; + @ DESE detl = det (16, 17, 18) + 0 Ff(&
det3 = det (16, 18, 19) + 0

LD2DE8AGH. —FTOHKEELHEHEAE.
Ry = ry/ D'HEIIRARAER (x) &BLE, [Formulal.nb = (12)] &Y, RETOR

o2~ ClearAll[b3, b4, b5, b6, b7, R]
nos- R[{b3_, b4_, b5_, b6_, b7_}] =

5 b3 ba 5 b32b4®> b33 b5 bab52 b3 b5 b6 b3\7
x+( +b7)x+— x+( )

- - +

9604 38416 1372 1372

14 14

CDEETOBBENRYILEET.
[#=816)] [b; + 0] MMD detl = det3 =0 DX, R (I3 EEMEED
FERNX TIIUTORRIGERNTVEY, (RS EFALEELTVNET)

Let us consider the Grobner basis of the relations between the b;, named Gb2 in the
proof of Proposition 14. The hypotheses is that we have three more relations 7 bg + b3% =
0,4 b2 +3 by bs=0 and b3 v-1=0, the latter, which introduces a new variable, implying
that b3+ 0. Adding to Gb2 the left hand sides of these relation, let Gb3 be the Grobner
basis the lexicographical ordering v>b;>bg>bs>b,> b, . The first element of Gb3 is the
square of 112 b,>+27 bs*.Let Gb4 be the Grobner basis for the same ordering of the
ideal which is obtained by adding this polynomial to Gb4 . This Grobner basis consists in
8 binomials . Now, let us consider Equation 12, which has r1’,r2” and r4’ as roots. It has
the shape R3+AR;2+B R, +C where A, B, C are polynomials in the b;. Its three roots are
equal if and only if 3B - A% and 27 C- A® are both null.As the normal forms by Gb4 of
these two polynomials is null the lemma is proved.

9 [Formulal.nb] &YUGb2(TRDEKIC, FF-IREBX TIEGbIIRDERICHYET,
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In[94]:=

Out[95]=

In[96]:=

Out[96]=

In[97]:=

out[97]=

In[98]:=

Out[100]=

Out[101]=

Gb2 = {b375-16b3b4~3 +20b372b4 b5 +28b5*3-4b3~3b6-112b4b5b6 +112b3b6"2,
b3~2b4 +b572 -4 b4 b6 + 14 b3 b7,
-b374 +16b47~3 + 8b3 b4 b5 +4b372b6 -112b6"2 + 392 b5 b7};
Gb3 =
GroebnerBasis[Join[Gb2, {7 b6 + b3~2, 4b4~2 +3 b3 b5, b3v-1}], {v, b7, b6, b5, b4, b3}]

{-729b3°% + 12096 b3* b4’ + 12544 b4®, 4b4” + 3b3 b5, 243 b3’ - 4032 b3 b4’ + 3136 ba* b5,

-81b3%+1344 b3%2 b4® + 784 ba® b52, 27 b3° - 448 b3 b4* + 196 b5>, b3 + 7 b6,
11 b3% b4 + 7 b52 + 98 b3 b7, 81 b3° - 112 b3 b4> + 10976 b4a? b7, -81 b3* + 112 b4> + 8232 b5 b7,
-65b3® b4 - 35 b4 b5 + 4802 b7, -1+ b3 v, 3b5+4b4’v, 11b3 b4 + 98 b7 + 7 b5% v}

LMLEEDLSIZ,
[(112 ba3 + 27 b34) 2 _ 729038+ 6048 b3* ba3 + 12544 ba® | HENFEA. —A,
SDIATVESTIELT (4 b2 + 3 b3 bs > 4 by>—3 by bs] £TBE, BoALIEANET.
Gb3 =

GroebnerBasis[Join[Gb2, {7 b6 + b3~2, 4b4~2-3b3 b5, b3v-1}], {v, b7, b6, b5, b4, b3}]

{729 b3® + 6048 b3* ba> + 12544 b4®, ~4 b4® + 3 b3 b5, 243 b3’ + 2016 b3® ba® + 3136 ba” b5,
81 b3® + 672 b3? ba® + 784 b4? b52, 27 b3 + 224 b3 b4® + 196 b5, b32 + 7 b6,
11b3%2b4 + 7 b5%2 + 98 b3 b7, -81 b3° + 560 b3 ba® + 10976 b4® b7, -81 b3* + 560 ba® + 8232 b5 b7,
~4b3°b4% - 4b4 b5% + 343b7%, -1+ b3V, -3b5+4b4’v, 11b3 b4 + 98 b7 + 7 b5 v}

D%, RmXICRE-OTGha%EKHET,

Gb4 = GroebnerBasis [Append[Gb3, 112 b4~3 + 27 b3”~4], {v, b7, b6, b5, b4, b3}]

{27b3% + 112b4%, -4 b4% + 3b3 b5, 9 b3 + 28 b4 b5,
3b3?b4 +7b5%, b3?+7b6, 4b3b4 +49b7, -1+b3 v, -3b5+4b4’v}

RICTpolyl = 3B- A%, poly2 =27C-A*] #RHT, GbaTHKILET

Clear[b3, b4, b5, b6, b7]

{$A, $B, $C} = CoefficientList[R[{b3, b4, b5, b6, b7}], x, 3] // Reverse;
polyl = 3$B - $A~2 // Simplify

poly2 = 27 $C - $A~3 // Simplify

-208 b32b4? - 3b33 b5 - 84 b4 b5% + 84 b3 b5 b6 - 5488 b3 b4 b7 - 38416 b7?

38416

27 b3’ b3 b4
105413504 (

3
+ b7}
14



In[102]:=

Oout[102]=

Out[103]=

PolynomialReduce[polyl, Gb4, {b7, b6, b5, b4, b3}][2]
PolynomialReduce[poly2, Gb4, {b7, b6, b5, ba, b3}][2]

%]

#IZ, by + 0] HD ldetl = det3 = 0] DEF,
R [I3ETMAEHESEET. LHL b + 0 OB, RAEREI UL FARTHERD]
DT (RHXSH) [by 0 DEXdetl + 0 £f-lddet3 0] EHVET,

UEXY, #Fllr;, rs, rg [& r; ORXTERINET .

FormulaPart2.nb | 17
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§7 TEEDZFEVA

r’ =R, D7FARELZEE 7 BYDEW AR HYFITH,
EDESCELTE [ = 0] DEESEIEDYEEA.
BIRE Try > ry € (CRIDRIATERIR) | £TBE,
[Formulal.nb] @ (13) (14) &Y Try 5 ry 22, ra—ry 4. SBIC (16) ~ (19) &V,
rs, s, reg DMEDEF [r; 5 r3 23, re 5 rs 22, re > rg 28] TRREGVET,
EZA N LagrangeDBEELY, 20 r OEHE(CEOTUL xo~Xxs DIERFEDYEEA.
oI RREEDRRICRATERIIEDYE A,



