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Mathematica 14

In[« ]:=

§1.

2025 F6H by  mixedmoss

ClearAll["Global™ x"]

AR CEER e R AR A DNOT 2

BRI TR R ST OA N TR Galld 1285 Y,

REDIT, ROITN-TCHDMNEY. (RABFREEERLET.)
G IN=T: Grp, Gz, T36, Gug (Gro DEPDBLN Gug DEBDEETERL)
Gas JN=T 1 Gug, Goa, T4, Haay T12 (Gag DERDEF K16y, DEBDEETRL)
G =71 Gia, Co, He (Gro LGys DILBOEBDELT, £T 6y, DEBDEFLLB)

BURISLLFIFEVNELST, LORZFIE [XXEL] (CEBEDTY. Gry, Gy BED G ICIFEFRIBE
BRIEENKSTY.

Gy [ X={1,3,5},Y={2,4,6},S={X,Y}& HKEE, SEENNSHVSDEBHEET,
G72=<(1’3)7(1’5)1(1a2)(374)(576)>;
SageMath(Z&%¢, Gy = <o, T>, 0=(1, 2, 3, 4,5,6), t=(1, 3) C9,

RIZ Gugld X={1,2},Y={3,4},2={5,6}, T={X,Y,Z}E BEE, TEEIDSHL SDERHEET,
Gag=<(1,2),(1,3)(2,4),(1,3,5)(2,4,6)>,

SagelC&d¢&

Gug= <0, T, u>, 0o=(1,3,5,2,4,6), t=(1, 2), u= (1, 3,2, 4) CTY,

&=(C G1,=G71)NGag T Gy =D, TT,

r36,M24,M12 (R EEZERL, ZNEFN Grp, Gag, Goy & A DILBERHD T, $5CT12= A, TF.
FHIET B R BIBEEERL Hyy =S4, He=S3 CF. BT Tou=Hyy =S, T, FELEIXXERLZ
CELEE,

INb%ESageMathTRDIFBICIE, FIZRIEROEICINE OKTY., EFBIC S; DB ILEER D
BERHET.
COISBHEKENEEL16@HYETH, ZOOERIEEEBZON LED12{E T,

G = SymmetricGroup (6)

tr=1{]

repgroup =G . conjugacy_classes _subgroups ()

for i in range (0, len (repgroup)) : if repgroupli] . is_transitive () : tr . append (repgroupli])
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SageMath CELHCRIBHAOTEE R D3I, FREEICKITTRORICTOIILLES. (Hyu=
Tos BOT 8024 DFBEERNZH-TVET )

G72 =1r[12]; G48 = tr[10]; G18 = tr[4]; G36 = tr[8]; Gamma36 =tr[9]; Gammal2 = tr[2]; G12 =tr[3]; C6
=tr[1]; H6 = tr[0]; G24 = tr[5]; Gamma24 = tr[6]; H24 = tr[7];
group=[C6,H6,Gammal2,G12,G18,G36,Gamma36,G48,G72]
names={C6:"C6”,H6:"H6”,Gammal2:"Gammal2”,G12:"G12”,G18:”G18”,G36:"G36”,Gamma36:"Ga
mma36”,G48:”G48”,G72:"G72"}

_.<x>=PolynomialRing (QQ)
for pinrange(-10,11):
for ginrange(-10,11):
for rin range(-10,11):
forsinrange(-10,11):
fortinrange(-10,11):
f=x"6+ p* XN 4+q* X 3+r* XA 2+s* x+t
if f.is_irreducible():
g=f.galois_group()
if g.order()!=24:
forhin group:
if g.is_isomorphic(h):
print([[p,q,r,s,tl,names[h]])
elif g.is_subgroup(AlternatingGroup(6)):
print([[p,q,r,s,t],”"Gamma24”])
elif g.is_isomorphic(SymmetricGroup(4)):
print([[p,q,r,s,t],”"H24”])
else:
print([[p,q,r,s,t],”G24”])

[solvableSextic.txt|[C_ LD OIS ATRDFAIE TR LR FIRADYANEEH T THYET.

§1 -1. G72 7‘“/_7

AO7EN 6, IN-TeHZARADF LTS (1)
[f(x) = (g (x))%+a (g (x)) +b (a, bIFEEE, gld3R=K) | H'HYET. FIZE

[f (x) = <X3+X2+X+1)2+4 <X3+X2+X+1) +1=x+2x°+3x*+8x3+7x*+6x+6]
OAOTELL G, T, EBE, t>+4t+1=00D2f 8% t,, t,,

X2 ex?ex+1=1t OF% a1, B1, v1, X+ X2 +x+1 =1, D% 0y, By, v, ETBE
[QcQ (t1) cQ (t1, az, B, ¥1) €Q (t1, a1, Bis Y1, G2, B2, ¥2) 1 EBUXTA,
BADILAKREISTRART 2, 6, 6 LHBDOT AOTEOMEIIRAT2x6x6 =72 LIRYET,

ZLTIQ (t1) cQ (t1, a1, B1y v2) I ¥

[Q (t1, a1, B1s ¥1) €Q (t1, a1, Bis Y1, 25 B2y ¥2) J

DILKRENL 3 £1RBIEEHTE 2 EBBIEIFBLDT,

(1) OFZOHOTEEDAIZRL 2x3x6 =36 ¥ 2x3x3 = 18 [LIERYZEIA,
24 [CEEWERA. £55A (11) ICABR\gal = G, DAERARERILBYET.
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§1 - 2. Ggg -7

AOTEEN G IN-TERZHFRADHIELTIE (12)
[f(x) = (g (x))*+a (g (x))*>+bg (x) +c (a, b, cFHEH, glF2R=) |
nHvEs. BIZE
[f (x) = (X2+1)3+ (X2+1)2+ <X2+1) +2=x+4x*+6x*+5] DHOTEL Gug TY.
ERE, P rt?+t+2=008%a, B, v, X +1 = aDfR% xq,
Xy, X2+ 1=PBODME%E X3, X4, X°+1=yDE% X,
X6 £9%E1QcQ (o, B, ¥) cQ (o, By ¥s X1) CQ (0, By ¥y X1, X3) C
Q (a, B, ¥, X1, X3, X5) | EBYXT, ZOILARREL, mAKTe6,
2, 2, 2LB30DT HOTPEHOMEIIRATEx2x2x%x2 = 48 EBYZET,
£-1QcQ (o, B, v) ) OYEARET 3 (CIIRRYAETA, 2 CEKRLELDT,
(752) OFEOAOTEEDRIEL 3 x2x2x2 = 24 [CIFERYRFTH, 16 (CIFRYEEA.
7 X1, X3, x5 OFRITIRZTHEVNEDHNIL (IET12VEE/NSKBBRIEEHYET,
(1) [CABEWgal = Gyg DARRKXEEVEITH HMRYDBNTT,

§1-3. Gy, JI-T

BIZIEFL (x) =xP-30F, (x) =x®+3(F (1#1) & (m2) LERRZET.
ZUTZOAO7EEIZENZEN G1o & Hg TY. BEAALLELICEALBEVWEDERVET,

BIRIE F53 (x) = x®+ x>+ x*+ 2+ x2+x+10F (11) IZ6 (52) (CEEZEHEEAN,
gal = C; C9.,
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§2.

In[+ ]:=

Out[«]=

Galois Resolvent

ZNICBEILTIE FelclGT2_solutions. nb] A [ G48_solutions . nb] ZENT=ABDNYPTNEEL

£9. FI [solveSexticProgram.nb| EHE GRENSEBICHNMPTVERNET,

Import["https://mixedmoss.com/mathematica/Galois/sextic/Tablel.png"]

TABLE 1
The Degrees of the Irreducible Factors of the Galois Resolvents
Fy(x), Fio(x), and Fys(x)in Q(x,...., x4)°
Group G F,(x) Fio(x) Fi5(x)

Se 2 10 15

Ag 1,1 10 15
Hiap 2 10 10, 5

s 1,1 10 10,5

Gy 2 9,1 9,6

1,1 9,1 9,6

G 2 9,1 9.3.3

G 2 9,1 9.3.3

G 2 6,4 8.6.1

K 1,1 6,4 86,1

Goy, 2 6,4 8. 6.1

Hy, 2 0, 4 6,4, 4.1
I 1,1 6,4 6,4, 4.1
G, 2 6,3, 1 653, 3, 2,1
Cs 2 6, 3, 1 0;3; 3, 2; 11
Hg 2 3,3,3,1 3.3.3.3, 1, 1.1

FOREGF [XBLI HBTY.  Fo(x), Fiolx), Fis(x) ELDDH Galois Resolvent TF, DFRDERAEET
FBRYLEVEBWVWETH, ELALESHEESTWAAELNERA. (M

§2-1.F, (x) [CDWTC

Fy()FIEREICIE Fa () T BRI T Fo(x) =My (x-6), 8= (x1-X2) (x1-X3) (X5-%6) JTT.  SeD AslCkD
FIREORETT(e=00=(1,2)) L&Y OEEBHELT (x-6) DIEEIEVET.

BN F, (x)=(x-6) (x-0(8))=(x- YD ) (x+ YD )= x2-D (DIZfDHIBIH) T, BIZE gal(f) = e DL
gal(IIBEBRDHANSEBDT g(6)=0 LY, 6l gL TEDYEEA.

563 gNDEEARTHIEEBEEBYET. —7H, gal(f)=Hau =S, DHER gal(HFFEBEBRES
LOT 0l gal ) OEERICAYEL A,

WUZ F(x) FBERI2RAEBYRET. 7L, gal(f)=Hy DHBETE FL(X) '—RADELEZZLER
IEEH

BIZIE T f=1-10x+8x% -7 x* + x*|OHOTEE(L g(f) = Hoy TIH', D=266002T
F,(x)=(x-26600)(x+26600) CY",
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§2 - 2. Fio (X) ([CDWT

RIZ Fro()IFEREICIE Fo (x) T BRI T Fiox) =g, (x-6), 8= (X1+x3+x5) (Xp+x4+X) | TF. SeD
Gl fBRIFREDRIRITOESE 210 10N E R (LSO TOEEEL Tx-0) DFEE/E 1= H Flo(x) &7
VE9., BEFEMICEIUTORICEYVES. (21003 {x1,x3,x5,x2,x4 x6} DB (CL>TRIBLTWET)

nn= %10 = {{x1, x3, x5, x2, x4, x6}, {x1, x3, x2, x4, x5, x6},
{x1, x3, x4, x2, x5, x6}, {x1, x3, x6, x2, x4, x5}, {x1, x5, x2, x3, x4, x6},
{x1, x5, x4, x2, x3, x6}, {x1, x5, x6, x2, x3, x4}, {x1, x2, x4, x3, x5, x6},
{x1, x2, x6, x3, x4, x5}, {x1, x4, x6, x2, x3, x5}};

Fig (X) = (X- (X1 +Xx3+X5) (Xx2+X4+x%x6)) (X- (X1+x2+x3) (x4+x5+x6))
- (X1+x3+x4) (Xx2+x5+x6)) (X- (X1 +x3+x6) (X2+x4+x5))

- (X1 +x2+X%x5) (x3+x4+x6)) (X- (X1+x4+x5) (x2+x3+x6))

- (X1 +x5+x6) (X2+x%x3+x4)) (Xx- (x1+x2+x4) (x3+x5+x6))

- (X1 +x2+x6) (Xx3+x4+x5) ) (X- (XL+x4+x6) (Xx2+x3+x5))

Fio (X) (& x1~xg DXFIRAEBRZDTHEEBEFRIHMOATT. Fhgal (f) =G, DEF,
6ld Gy, DEIERICAZDT BEEMTYT. HH>TLROAE (x - 0) &FLXT.
ZDZEIF Gy DEBDEETHD T3¢, Gz, Gig, G2, Cg, Hg CHBIELWTY,

LAL Gio, Cg, He BEIF ZDMICE 3 RPeRDAFZEIFEXT.

BlZRL gal =Co= < 1 >,
u=(1, 2, 3, 4, 5, 6) DEZ Fip (x) DRBZERANZEHIC =10 DITtZ JEIC 09, 01, ..,
Og, S¢M Gy [CKBDFEIRIEE Sg = 0pGyp+ 01 Gyp + -+ + 09 Gyp = Sg +S1 + -+ + Sg &L,
(Si, i=0, 1, .., 9} D Cg ICXBEIE (orbit) ZFANXKT,
ZZT [G 3 X=1(1, 3,5}, Y=1{2, 4, 6},

S= (X, Y} &BLESE, SEEINIES, DERDEE] BOT

Se={{1, 3,5}, {2,4,6}}, S1=1{{1, 2,3}, {4,5,6}},
S2={{1, 3,4}, {2, 5,6}}, 53={{1, 3,6}, {2, 4, 5}},
Sa={{1,2,5}, {3,4,6}}, 5 ={{1,4,5}, {2,3,6}},5=1{{1, 5,6}, {2, 3, 4}},
S7=1{{1, 2,4}, {3,5,6}}, 58 =1{{1, 2,6}, {3,4,5}}, S9={{1, 4,6}, {2, 3,5}},

ERTHEVWEHA, 9 BASHNIIC (Se) = Se CF.
RICTS; 55655555, IBRDTCq (S1) = {S1, Se, Sg} TF.
BEIC TS, 5555, 55,558,558 55, BOTCq (S,y) =
{S2, S3, S7, Sg, S4, Sg} TY. INT MATEDEEINELE., BLEDRSA 1,
3, 6 LHBDT, RE—HULET. RILBE LICHBS, (SRILAKEEEREDOOT,
S  EECHEORIENET DL, Fip (x) BEHIMR (ge&<) ERKICFOD,
gEHIZCHBLERN (n | m, b - g) ES5ET

LIk #Mathematica CSOYILTBERDERICEVET,
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orbitInSBy[H_] := Table[
Sort /@ Table[Sort /@ (TakeList[=10[i], {3, 3}] /. AssociationThread[H[1] - H[kI]),
{k, 1, Length[H]}] // Union, {i, 1, 1@}] // Union
c6 = {{x1, x2, x3, x4, x5, x6}, {x2, x3, x4, x5, x6, x1}, {x3, x4, x5, x6, x1, x2},
{x4, x5, x6, x1, x2, x3}, {x5, x6, x1, x2, x3, x4}, {x6, x1, x2, x3, x4, x5}};

orbit = orbitInSBy[C6]
Length /@orbit

outf4l= {{{{x1, x3, x5}, {x2, x4, x6}}}, {{{x1, x2, x3}, {x4, x5, x6}},
{{x1, x2, x6}, {x3, x4, x5} }, {{xX1, x5, X6}, {x2, X3, x4}}},
{{{x1, x2, x4}, {x3, x5, x6}}, {{x1, x2, x5}, {x3, x4, x6}},
{{x1, x3, x4}, {x2, x5, x6}}, {{x1, x3, x6}, {x2, x4, x5}},
{{x1, x4, x5}, {x2, x3, x6}}, {{x1, x4, x6}, {x2, x3, x5}}}}

outls]= {1, 3, 6}

EHRICLT, gal =Hg, G DIHZEERDHET. FE—ELIT.

miel:= G12 = {{x1, x2, x3, x4, x5, x6}, {x3, x4, x6, x5, x2, x1}, {x6, x5, x1, x2, x4, x3},
{x4, x3, x5, x6, x1, x2}, {x5, x6, x2, x1, x3, x4}, {x2, x1, x4, x3, x6, x5},
{x1, x2, x6, x5, x4, x3}, {x3, x4, x1, x2, x5, x6}, {x6, x5, x3, x4, x2, x1},
{x4, x3, x2, x1, x6, x5}, {x5, x6, x4, x3, x1, x2}, {x2, x1, x5, x6, x3, x4}};
H6 = {{x1, x2, x3, x4, x5, x6}, {x6, x3, x4, x2, x1, x5}, {x5, x4, x2, x3, x6, x1},
{x4, x5, x6, x1, x2, x3}, {x3, x6, x1, x5, x4, x2}, {x2, x1, x5, x6, x3, x4}};

inigl= orbit = orbitInSBy[H6]
Length /@orbit

outfsl= {{{{x1, x5, x6}, {x2, x3, x4}}}, {{{x1, x2, x3}, {x4, x5, x6}},
{{x1, x2, x5}, {x3, x4, x6}}, {{x1, x3, x6}, {x2, x4, x5}}},
{{{x1, x2, x4}, {x3, x5, x6}}, {{x1, x2, x6}, {x3, x4, x5}},
{{x1, x4, x5}, {x2, x3, x6}}}, {{{x1, X3, x4}, {x2, x5, X6} },
{{x1, x3, x5}, {x2, x4, x6}}, {{x1, x4, x6}, {x2, x3, x5}}}}

outiol= {1, 3, 3, 3}

inf101:= orbit = orbitInSBy[G12]
Length /@orbit
out[10]=

{{{{x1, x3, x6}, {x2, x4, x5}}}, {{{x1, x3, x5}, {x2, x4, x6}},

{{x1, x4, x5}, {x2, x3, x6}}, {{x1, x4, x6}, {x2, x3, x5}}},
{{{x1, x2, x3}, {x4, x5, x6}}, {{x1, x2, x4}, {x3, x5, x6}},

{{x1, x2, x5}, {x3, x4, x6}}, {{x1, x2, x6}, {x3, x4, x5}},
{{x1, x3, x4}, {x2, x5, x6}}, {{x1, x5, x6}, {x2, x3, x4}}}}

Out[11]=

{1, 3, 6}
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§2 - 3. Fis (X) ([CDWT

REIC Fis()IEERECIE Fo, (x) T FBEIE T Fag(x) = Mg, (x-6), 8= x1x+x3Xs+x5X6 ] T, S Gglk
PEIRBEORRTOESE 215 ,2150FE X (LS TOEBEHEL TUX-0)DEEE> RN Fig(x) EHRVE
9. BEAFEMICEILITORICEYVES. (21503 {x1,x2,x3,x4, x5 x6} DB (CLH>TRIBELTWET)

mne= 215 = {{x1, x2, x3, x4, x5, x6}, {x1, x2, x3, x5, x4, x6}, {x1, x2, x3, x6, x4, x5},
{x1, x3, x2, x4, x5, x6}, {x1, x3, x2, x5, x4, x6}, {x1, x3, x2, x6, x4, x5},
{x1, x4, x2, x3, x5, x6}, {x1, x4, x2, x5, x3, x6}, {x1, x4, x2, x6, x3, x5},
{x1, x5, x2, x3, x4, x6}, {x1, x5, x2, x4, x3, x6}, {x1, x5, x2, x6, x3, x4},
{x1, x6, x2, x3, x4, x5}, {x1, x6, x2, x4, x3, x5}, {x1, x6, x2, x5, x3, x4}};

Fis (X) = (X -X1x2-x3x4-x5x%x6) (X-Xx1x2-x3x5-x4x6) (X-x1x2-x3x6-x4x5)
X -X1X3-xX2x4-x5x6) (X-XxX1x3-x%x2x5-x4x6) (X-x1x3-x2x6-x4x5)
X -X1 x4 -x2x%x3-%x5x6) (Xx-x1x4-x%x2x5-x3x6) (X-X1x4-x2x6-x3x5)
X -X1X5-x%x2x%x3-x4x6) (X-X1x5-%x2x4-x%x3x6) (X-X1x5-x2x6-x3x4)

(
(
(
(X =X1xX6-%x2x3-x4x5) (x-x1x6-x2x4-x3x5) (x-x1x6-x2x5-x3x4)

)

)

)

)

F15 <X) ‘j: X1~ Xge @?i%ﬁt@%@’@ﬁﬁ@%@@ﬁf@. it gal <'F) = G4g @tg,
ol Gag DEIEAXRICAZDT BEHTY. HOTLROAE (x-0) &5,

ZDZUE Gug DEBDEECHD Gog, Tog, Hoay T12, Gpo, Ce, Hg CHIELWTY,
LML Gy, Cg, He BEX ZOMEICE 2R, 3R, 6 ROREFEFLEET.

15 D7tz EIC 0p, 01, .., O,
Se D Gug [CKBDFIFRERE Gug = 0p Gag + 01 Gag + -+ 014 Gag = Tg+ Ty + -+ + T4 &L,
(Ty, i=0, 1, .., 14} @ gal [L&XBEE (orbit) ZFNET,
JIZT [Gyg 3 X =11, 2}, Y=(3, 4}, Z=1{5, 6},
T=1{X, VY, 2} £BLESE, TEENEENS DERDEE] BOT

TO: {{1) 2}) {3) 4}) {5) 6}}) T1: {{1) 2}) {3) 5}) {4) 6}})
TB: {{1) 2}) {3) 6}) {4) 5}}) ) T14: {{1) 6}) {2) 5}) {3) 4}}

ERTEWEHA. gal=Giy,Ce, He ICRLT, IBIZ, Fio(x)DEFEEHEERIC Mathematica TFOJILLT
TICRI2EMBEORIZANET,

(13- orbitInTBy[H_] := Table[Sort /e

Table[Sort /@ (TakeList[=15[ill, {2, 2, 2}] /. AssociationThread[H[1] - H[k]]),
{k, 1, Length[H]}] // Union, {i, 1, 15}] // Union
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inf141:= orbit = orbitInTBy[G12]
Length /@orbit
Out[14]=
{{{{x1, x2}, {x3, x4}, {x5, x6}}},
{{{x1, x4}, {x2, x6}, {x3, x5}}, {{x1, x5}, {x2, x3}, {x4, x6}}},
{{{x1, x2}, {x3, x5}, {x4, x6}}, {{x1, x4}, {x2, x3}, {x5, x6}},
{{x1, x5}, {x2, x6}, {x3, x4}}}, {{{x1, x2}, {x3, x6}, {x4, x5}},
{{x1, x3}, {x2, x4}, {x5, x6}}, {{x1, x6}, {x2, x5}, {x3, x4}}},
{{{x1, x3}, {x2, x5}, {x4, x6}}, {{x1, x3}, {x2, x6}, {x4, x5}},
{{x1, x4}, {x2, x5}, {x3, x6}}, {{x1, x5}, {x2, x4}, {x3, x6}},
{{x1, x6}, {x2, x3}, {x4, x5}}, {{x1, x6}, {x2, x4}, {x3, x5}}}}

Out[15]=

{1, 2, 3, 3, 6}

inf16:= orbit = orbitInTBy[C6]
Length /@orbit
Out[16]=
{{{{x1, x4}, {x2, x5}, {x3, x6}}},
{{{x1, x2}, {x3, x4}, {x5, x6}}, {{x1, x6}, {x2, x3}, {x4, x5}}},
{{{x1, x2}, {x3, x6}, {x4, x5}}, {{x1, x4}, {x2, x3}, {x5, x6}},
{{x1, x6}, {x2, x5}, {x3, x4}}}, {{{x1, x3}, {x2, x5}, {x4, x6}},
{{x1, x4}, {x2, x6}, {x3, x5}}, {{x1, x5}, {x2, x4}, {x3, x6}}},
{{{x1, x2}, {x3, x5}, {x4, x6}}, {{x1, x3}, {x2, x4}, {x5, x6}},
{{x1, x3}, {x2, x6}, {x4, x5}}, {{x1, x5}, {x2, X3}, {x4, x6}},
{{x1, x5}, {x2, x6}, {x3, x4}}, {{x1, x6}, {x2, x4}, {x3, x5}}}}

out[17]=

{1, 2, 3, 3, 6}

inf1gl:= orbit = orbitInTBy[H6]
Length /@orbit
Out[18]=
{{{{x1, x2}, {x3, x6}, {x4, x5}}},
{{{x1, x3}, {x2, x5}, {x4, x6}}}, {{{x1, x4}, {x2, x6}, {x3, x5}}},
{{{x1, x2}, {x3, x4}, {x5, x6}}, {{x1, x5}, {x2, x4}, {x3, x6}},
{{x1, x6}, {x2, x3}, {x4, x5} }}, {{{x1, x2}, {x3, x5}, {x4, x6}},
{{x1, x3}, {x2, x6}, {x4, x5}}, {{x1, x4}, {x2, x5}, {x3, x6}}},
{{{x1, x3}, {x2, x4}, {x5, x6}}, {{x1, x5}, {x2, x3}, {x4, x6}},
{{x1, x6}, {x2, x5}, {x3, x4}}}, {{{x1, x4}, {x2, x3}, {x5, x6}},
{{x1, x5}, {x2, x6}, {x3, x4}}, {{x1, x6}, {x2, x4}, {x3, x5}}}}

Out[19]=
{1, 1,1, 3, 3, 3, 3}

KOOI DOVTERIBRICANBIENTEEXT. F= [G72_solutions.nb,l G48_solutions.nb ] %
ETlE f10a~f10f, f15a~f15e BEDKANEIZLE TN, fl0a=Fo(x), fl5a=Fi5(x) T, SLICIOTTY
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