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ANEILDHBIRIE, TBackSpacel¥—TilZE. HADHEEFEE LSOOIV FHNSEETAE
ObjectERITYZRIZADNTEY, BEIZIE function & class method A3 5.
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AR)DT L F =& (EBBEOK).  aAVRET #1D%ZIZAA.

BEEHE pi, 0,1, enE. HLEEELHAIL reset( ), restore( ‘pi e’ )R E TEITTATEE.
BI#IE(), VAME [ ], FFILIE ab,c &, FIZIF plot(sin(x),(x,0,2*pi)) D KSIZAA.
JRME 0BMDR2—F. List © kEBDERICZF AT BIZIE Listlk] EAT.

o< R#5E 1% Tab¥—. Class method Tl T. ] HENTI2F1+5.

Helpld a< > RF®D#I=I?1 # A AL Tab (Shift +Enter, Ctrl + Space). 1?2 11&&kYUFELLY.
BERIDOEAD~ADSEIET_ | GEELTEDLARNEIS—IZ4H5.)
BEOATURERICATICA AT BIZIET; | TRE)S.

TEHADRAITHEASHhAL. (Bl Tx=2+3; x | THHT 5] LHAShB)
BEZEHITIEELTHLMES. HIZIE x &y ZENLES(F var(‘'xy ) HDRBHE.
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Group theory and Sage

http://doc.sagemath.org/html/en/thematic_tutorials/group_theory.html

Galois Groups of number theory
http://doc.sagemath.org/html/en/reference/number_fields/sage/rings/number_field/galois

group.html

Quick Reference for algebra
https://wiki.sagemath.org/quickref?action=AttachFile&do=view&target=quickref-

algebra.pdf (GF{T:E)
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SageMathCloud (ver7fEA. AR. LALEHESEDHEA(E, LIXLIKER TEH5)
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SageMath3Z e (ver7.0. LEREERFD Y —/N—)  [H—\—([FHIZHRILHBIET. ]
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1. Official Tutorial
BAREDtutoriallZ =t 5. EED AL sagemathDii—LA—UMSRILY oSN TNV,

2. Sage—fgICEAT B K
[FL&HTDSage —Ted Kosanz, #MAESE R
HERIREDI=HDSage -A# ik F (BEAWEFEVALENTHS. LIE2DIFARE
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Sage for undergraduates — Gregory V Bard® (5fA CHLMNEESZFS)
Sage for power users -William SteinZ ( William Stein [ Sage MEIFE. beoEHAL)

3. Sage LK
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Workshop: Partl. introduction

1. B#DIS2

var(' variables')

plot3d(f(x,y), (x,a,b),(y,c,d))

plot(f(x), (x,a,b)) *(x,a,b)(&[x,a,b]THOK

var (' x y") HEAHES. xEyDEIZblankAHE.
plot3d (x"2+y"2, (x,-2,2), (v,-2,2)) #ETDOX—0FITTSITDLEEClick. I KHE/ME, ¥ RADFPRDEGEFES. 0D
KHYIZ[ITHOK

plot(log(x)/x, (x,1,100)) # x(FT TICEAKEEINTNWSEIDTI I TIHFE.

2. FiEX
solve(f(x)==0,x)
solve([f(x,y)==0,9(x,y)==0],[x,y]) *[x,y1l&(x,y), x,y (FZ)l) THOK

solve (2xx"3-T*x"2+10%x-6==0, x)

3. M@

diff(f(x),x) F£7=(E derivative(f(x),x)

integrate(f(x), x) AEBEHN

integrate(f(x),(x,a,b)) EES *(x,a,b)l&[x,a,b]THOK

diff (x"2xsin(x), x) #derivative £0K.

int=integrate (x"2xcos (x) +2¢x*sin (x), x) ; int #AEFESD. WO EEL int() TILELR.
int.simplify () #mEEARDsimplify. LA L#IZHT~8FEEED .simplify_foo H'dp 5
int.simplify_full ()

integratate(sin(x) "10, (x,0,pi/2)) #E&EH



Part2. IE3AKDIEIREF D(3), IESHDERED(4)

1. D(3)[CDWT T#DER, BDOFB, ER0DHE, CayleyRZEA]

DihedralGroup(n) , SymmetricGroup(n), AlternativeGroup(n) - 2m{&&¥f, x#58¥, 38
A.is_isomorphic(B) A&BHAEEH ? A.is_abelian() AlZabel&h?
GEBMRE#ETIEE G("(1,2,3)")IF, bTIL(1,2,3)Z KEIEH(1,2,3)ICERTS.
G.cayley_table() BHGODEHER. (names=letters, elements, digits ,or list)

tri=Graph([(1,2), (2,3), 3, 1)]): tri.plot() #Graph (X &5 JEHDNY 5 R

T=tri.automorphism group ) ;T  #T(ZtridBCRIEE

T. list() HTORARR THY) X FOBFIEEZ AELY.)

D=DihedralGroup(3);D. list()  #DI& 3RD2EAE (E3A/KDEHRE)

S=SymmetricGroup (3);S. list() #SIE A FREE

S.is_isomorphic(D) #SIFDEREA? (CDIFE(F =D THRLHER)

s=S("(1,2,3)") ;s f#sldo. 120EDEE. SOERELTA,2,3)ZEXE. S([(,2,3)] (Python) £0K.
t=8("(2,3)");t #tiF . WHMEHIEETHIYERL

ts=s*t;ts # sEtnE (RFISIER)

HFDTFA S LIERFL#EN [1,2,3](by s)—[2,3,1](by t)—[3,2,1]72DT, s*t=(s & t DEK).

ts([1,2,3]) #BOER:ts I2£5[1,2, 3]0

st=t*s;st ([1,2, 3]) tst#ts BB

S.is_abelian()  #SIkAbe|®¥ (AT#REE) H\?

[0, 5,872, t, sxt, s72¢t] #5={0,s,872,t t5, ts2} £GHZEND .

S.cayley_table (names="elements’) H#EDFHI—->LDITDIEIZFEZERL. names MDoptionld , letters, elements, digits
& list

S.cayley_table() #Default IZZ 4. names="letters’



S.cayley table(names=["id , ts™2" ,’s’,'s"2 't ,'ts']) #UR FE&F-THHIZEZRZD2IT5N D

2. D(3)ICDWT I8 8f, IERZPDEE, B8, EEDCayleyR]
G.subgroups()- GOEDIEHLT(1EHHAZ). G.subgroup(list) - list hSEMRETNDEPIEE (BHE)
G.normal_subgroups() -GDIEMRZPNE¥LT
G.quotient(N)- NOVIEFRBEPDEF TH D EE, G/N (GDNICKBEEF)
G.cosets(N), G.cosets(N,'right')- GONICKDERIFRHM, G.cosets(N,'left')(TEFIRMA.
len(list), sorted(list) (& function (class method T&\L)). len—>length®DRE .
BORUIZ[RTX for ZEH in UM (BEBRSEMH#X)] (VRMAAY)
subs=S. subgroups () ;subs HSOENELTERD 5.
normals=S. normal_subgroups () ;normals #SOIEIRIBHELTERDS.
N=normals[1];N. list() #EDIEREHEEE (id sigma, sigma”2} (EEREHEE) =1+
A3=AlternatingGroup (3) ;A3. list()  #A3IE3XDIKXEE. ASENIZREE.
Q=S. quotient(N) ;Q # Q=S/N (SOONIZ &k &)
Q.list() #OFFYRLDE

Q. cayley_table (names="elements’) #Q(FE&E) DY 1 L—KR(CEER)

KT (EQoiEEHR(cayley table) DIREE

a=$("(1,2)");a #ThrTIL a] % SOER LRD

Na=[axS(N[i]) for i in range(3)];Na #Na. S(N[il) G, N[i]ZSOERIZE#.

aN=[ S(N[il)*a for i in range(3)];aN #aN

R=S.cosets(N) ;R #SONIZL HHBEEIRE. —hzfES Naldg SKRED.

A=R[11:A #A=Na=aN=R[1] & 7%

AA=[]; junk=[AA. append (S(A[i1)*S(A[j1)) for i in range(3) for j in range(3) if not SCALi])*S(A[j]) in AA 1;
AA IMMADETRE. Chizxdddavy FIEAL.

sorted (AA)==sorted (N) ##tAxA=N DRIE. AxA==N =& False &735.

AN=[1; junk=[AN. append (S(N[i1)*S(A[j1)) for i in range(3) for j in range(3) if not S(N[il)*S(A[j]) in AN 1:;AN



sorted (AN) ==sorted (A) #AN=A D#&:E

NA=[]; junk=[NA. append (SCALi])*S(N[j1)) for i in range(3) for j in range(3) if not SCALi])*S(N[j]) in NA 1; NA

sorted (NA)==sorted (A)  #NA=A OD#&EF

NN=[1; junk=[NN. append (S(N[i1)*S(N[j1)) for i in range(3) for j in range(3) if not SIN[i])*S(N[j]) in NN I; NN

sorted (NN) ==sorted (N) #NN=N 1R

0.cayley table(['N, A" ])

BlLEDS BEQ=G/N OEERMNHEREINEL. GoQDEFBRBHFZFIFEHETES.
3. DDA L IEMBPD B DR

D.conjugacy_classes_representatives - DOFEFEDHKER (BH(TEENSD)

ldef func(x): .... return | - PythonBA#IDERE. iTETab ICiER
reset () ; # reset (RYIIFDBETTH, SD=H)

square=Graph ([ (1,2), (2,3), (3,4), (4,1)]) # Graph & S 7E®H/NYI SR
square.plot ()

A=square. automorphism_group ) ;A.list()

D=DihedralGroup (4) ;D. list ()

A. is_isomorphic(D) #A&DIZ EARDBECREEE®E

D. order () #DDorder (BEEDH)

reps=D. conjugacy_classes_representatives() ;reps #repsld H&ZED MtE]

x=(2,4) Z#ARETBDDREHE; g~ (-1) xg (Vg €D) DIERL

x=D("(2,4)7);

conj=[];

junks=[conj. append (g” (-1)*x*g) for g in D if not g” (-1)*x*g in conj]
conj

LDiR{FZPythonB#ICT S (indentlTiFE. lambdaBIdiEEXS)

def myconj (x) : kM1 Z2EAGENI L.
conj=[] HLUUTDITIEETA VT2 FARE. (indent=1Tab=4xb|ank)
junks=[conj. append (g” (1) *x*g) for g in D if not g” (-1)*x*g in conj]
return conj



myconj(x) #xZERFTLITHHEE. LATORERE—HT 557

cons=[myconj (rep) for rep in reps];cons # DODHEFEIZ L B9 %

DDOHEM(conjugacy class)(E 595 AHD , EHSIEIC

BEZEHR(1D) ,

HNAHRCEAT IHHER (2D) ,

FHADRRZEMNERICET S xHBE (2D)

+90EMDEEE (2D)

RLCH T 88 (1D) &it8fEl=order(D)
[CNSDRGEFMDEDH DI EIRD TWDEFDEE] b TERSBDRE] L1235,
(" NH'GOEMEPAE © VgeGITHU g~ (-1)Ng=N © g~ (-1)NgcN)

c0, ¢1, ¢c2, ¢3, c4=cons; #tuple unpacking. cO~cdlZFE ELHTHRA

cl  #CHARICEEY 5 E)

g1=D. subgroup (c1) ;gl. list() f#gllE TcIAMDEREINBIDDERDEE

sorted (cO+c1+c4)==sorted(g1)

gl. is_normal () #te1=c0+cl+c4 (EZEEDOM) LD T gl [FEREDE

2 #(ADHPREFSERICET S FIEE)

g2=D. subgroup (¢c2) ;g2. list()

sorted(g2)==sorted (c0+c2+c4)

g2. is_normal (D) #g2=c0+c2+c4 (RZFEDF) TN T g2 (XEREHE

CCTDORTHDIEMEDEIERHT, LLBBRUTHS.

normals=D. normal_subgroups () ;

[normals[i]. list() for i in range(len(normals))]
L&cO~ca%zELtND &, D(4)DIEREPDEF T LD SIEIC
c0, c0+c4, c0+c2+c4(=g2), cO+cl+c4(=gl), cO0+c3+c4, c0+cl+c3+c4(=D)

ERDTVWBRZENDS. D(3)ICEAUTERKICTEINAME.



Sage Quick Reference: Abstract Algebra
B. Balof, T. W. Judson, D. Perkinson, R. Potluri
version 1.0, Sage Version 5.0.1
latest version: http://wiki.sagemath.org/quickref
GNU Free Document License, extend for your own use
Based on work by P. Jipsen, W. Stein, R. Beezer

Print the squares of those integers in {0,...,14} that are
relatively prime to 15:
for i in range(13):
if ged(i,15)==1:
print i°2

Basic Help

com(tab) complete command
a.(tab) all methods for object a
<command>? for summary and examples
<command>?? for complete source code
xfoox? list all commands containing foo
_ underscore gives the previous output
www.sagemath.org/doc/reference online reference
www . sagemath.org/doc/tutorial online tutorial
load foo.sage load commands from the file foo.sage
attach foo.sage

loads changes to foo.sage automatically

Preliminary Operations

a=3; b=14
gcd(a,b)  greatest common divisor a,b
xgcd(a,b)

triple (d, s,t) where d = sa + tb and d = ged(a,b)
next_prime(a) next prime after a
previous_prime(a) prime before a
prime_range(a,b) primes p such that a <p <b
is_prime(a) is a prime?
b % a the remainder of b upon division by a
a.divides(b) does a divide b7

NN nn 1 U

.sylow_subgroup(2) a Sylow 2-subgroup of S
.center () the center of D

.centralizer(u) the centralizer of x in S
.centralizer(D) the centralizer of D in S
.normalizer(u) the normalizer of x in S
.normalizer(D) the normalizer of D in S
.stabilizer(3) subgroup of S fixing 3

Lists

L = [2,17,3,17] an ordered list
L[i] the ith element of L
Note: lists begin with the Oth element
L.append(x) adds z toL
L.remove(x) removes x from L
L[i:j] the 4-th through (5 — 1)-th element of L
range(a) list of integers from 0 to a — 1
range(a,b) list of integers from a to b —1
[a..b] list of integers from a to b
range(a,b,c)
every c-th integer starting at a and less than b
len(L) length of L
M= [i"2 for i in range(13)]
list of squares of integers 0 through 12
N = [i"2 for i in range(13) if is_prime(i)]
list of squares of prime integers between 0 and 12
M + N the concatenation of lists M and N

sorted(L) a sorted version of L (L is not changed)
L.sort() sorts L (L is changed)
set(L) an unordered list of unique elements

Programming Examples
Print the squares of the integers 0, ..., 14:
for i in range(15):

print i°2

Group Constructions

Permutation multiplication is left-to-right.
G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)]11)
perm. group with generators (1,2, 3)(4,5) and (3,4)
G = PermutationGroup(["(1,2,3)(4,5)","(3,4)"])
alternative syntax for defining a permutation group
S = SymmetricGroup(4) the symmetric group, Sy
A = AlternatingGroup(4) alternating group, Ay
D = DihedralGroup(5) dihedral group of order 10
Ab = AbelianGroup([0,2,6]) the group Z x Zy X Zg
Ab.0, Ab.1, Ab.2 the generators of Ab
a,b,c = Ab.gens()
shorthand for a = Ab.0; b = Ab.1; ¢ = Ab.2
C = CyclicPermutationGroup(5)
Integers(8) the group Zg
GL(3,QQ) general linear group of 3 x 3 matrices
m = matrix(QQ, [[1,2],[3,4]]1)
n = matrix(QQ, [[0,1],[1,0]11)
MatrixGroup([m,n])
the (infinite) matrix group with generators m and n
u = S([(1,2),(3,4)]1); v = 8((2,3,4)) elements of S
.subgroup ([u,v])
the subgroup of S generated by u and v
.quotient(A) the quotient group S/A
.cartesian_product(D) the group AxD
.intersection(D) the intersection of groups A and D
.conjugate(v) the group v~ !Dv

n

O == W0

Group Operations

S
S
S
S
S

= SymmetricGroup(4); A = AlternatingGroup(4)
.order() the number of elements of S
.gens() generators of S

.1list() the elements of S
.random_element () a random element of S

uxv the product of elements u and v of S

e e PPN0E <

Q0B W EE === >

“(-1)*u"3%v the element v~ 1uv of S
.order() the order of u
.subgroups () the subgroups of S
.normal_subgroups () the normal subgroups of S
.cayley_table() the multiplication table for A
in S is u an element of 87
.word_problem(S.gens())
write u as a product of the generators of S
.is_abelian() is A abelian?
.is_cyclic() is A cyclic?
.is_simple() is A simple?
.is_transitive() is A transitive?
.is_subgroup(S) is A a subgroup of S7
.is_normal(S) is A a normal subgroup of S7
.cosets(A) the right cosets of A in S
.cosets(A,'left') the left cosets of A in
= S.cayley_graph() Cayley graph of S
.show3d(color_by_label=True, edge_size=0.01,
vertex_size=0.03) see below:



Ring and Field Constructions

ZZ integral domain of integers, Z
Integers(7) ring of integers mod 7, Zr
QQ field of rational numbers, Q
RR field of real numbers, R
CC field of complex numbers, C
RDF real double field, inexact
CDF complex double field, inexact
RR 53-bit reals, inexact, not same as RDF
RealField(400) 400-bit reals, inexact
ComplexField(400) complexes, too
ZZ[I] the ring of Gaussian integers
QuadraticField(7) the quadratic field, Q(v/7)
CyclotomicField(7)
smallest field containing Q and the zeros of z7 — 1
AA, QQbar field of algebraic numbers, Q
FiniteField(7) the field Z;
F.<a> = FiniteField(7"3)
finite field in a of size 73, GF(73)
SR ring of symbolic expressions
M.<a>=QQ[sqrt(3)] the field Q[\/g], with @ = /3.
A.<a,b>=QQ[sqrt(3),sqrt(5)]
the field Q[\/g, \/5] with a =
z = polygen(QQ,'z'); K = NumberField(x"2 - 2,'s")
the number field in s with defining polynomial 22 — 2
s = K.0 set s equal to the generator of K
= ZZ[sqrt(3)]
D.fraction_field()
field of fractions for the integral domain D

o]

a, b =D.gens(); r=a+b
r.parent() the parent ring of r (in this case, D)
r.is_unit() isr a unit?

V3 and b = /5.

Polynomials

R.<x> = ZZ[ 1 R is the polynomial ring Z[x]

R.<x> = QQ[ ]; R = PolynomialRing(QQ,'x'); R = QQ['x']

R is the polynomial ring Q[z]
S.<z> = Integers(8)[ ] S is the polynomial ring Zg|z]

S.<s, t> = QQL 1 S is the polynomial ring Q[s, ¢]
p = 4*%x"3 + 8%x"2 - 20%x - 24
a polynomial in R (= Q[x])
p.is_irreducible() is p irreducible over Q[z]?
q = p.factor() factor p
q.expand() expand q
p.subs(x=3) evaluatesp at z =3
R.ideal(p) the ideal in R generated by p
R.cyclotomic_polynomial(7)

the cyclotomic polynomial 26 +2° 4+ 2% + 23+ 22+ 2 +1
q=x"2-1
p-divides(q)
p-quo_rem(q)

the quotient and remainder of p upon division by q
gcd(p, q) the greatest common divisor of p and ¢
p-xgcd(q) the extended ged of p and ¢
I = S.ideal([s*t+2,s"3-t"2])

the ideal (st +2,s% —t?) in S (= Q[s, t]))
S.quotient(I) the quotient ring, S/I

does p divide ¢7

Ring Operations
Note: Operations may depend on the ring
A = ZZ[I]; D = ZZ[sqrt(3)] some rings
A.is_ring() is A aring?
A.is_field() is A a field?
A.is_commutative() is A commutative?
A.is_integral_domain()

True is A an integral domain?
.is_finite() 1is A is finite?
.is_subring(D) is A a subring of D?
.order () the number of elements of A
.characteristic() the characteristic of A
.zero() the additive identity of A
.one() the multiplicative identity of A
.is_exact ()

False if A uses a floating point representation

L

Field Operations
A.<a,b>=QQ[sqrt(3),sqrt(5)]
C.<c> = A.absolute_field()

“flattens” a relative field extension
A.relative_degree()

the degree of the relative extension field
A.absolute_degree()

the degree of the absolute extension
r =a + b; r.minpoly ()

the minimal polynomial of the field element r
C.is_galois() is C a Galois extension of Q7



