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{
sin θ

(2 + cos θ)n

}′
=

cos θ(2 + cos θ)n − sin θ × n(2 + cos θ)n−1(− sin θ)
(2 + cos θ)2n

=
cos θ(2 + cos θ) + n sin2 θ

(2 + cos θ)n+1

=
2 cos θ + n − (n − 1) cos2 θ

(2 + cos θ)n+1
· · · (∗)

This expression is true when n = 0 ,so if n = 1, 2, 3 · · · , then
{

sin θ
(2 + cos θ)n−1

}′
=

2 cos θ + (n − 1) − (n − 2) cos2 θ

(2 + cos θ)n

∴
∫ π

2

0

2 cos θ + (n − 1) − (n − 2) cos2 θ

(2 + cos θ)n dθ =

[
sin θ

(2 + cos θ)n−1

] π
2

0
=

1
2n−1

· · · 1©

In addition,

∫ π
2

0

2 cos θ + (n − 1) − (n − 2) cos2 θ

(2 + cos θ)n dθ

= (n − 1)
∫ π

2

0

1
(2 + cos θ)n

dθ + 2
∫ π

2

0

cos θ
(2 + cos θ)n

dθ − (n − 2)
∫ π

2

0

cos2 θ

(2 + cos θ)n
dθ

= (n − 1)In + 2Jn − (n − 2)Kn · · · 2©

By means of 1©, 2©.

(n − 1)In + 2Jn − (n − 2)Kn =
1

2n−1
· · · 3©

Therefore,

2In+1 + Jn+1 =

∫ π
2

0

2 + cos θ
(2 + cos θ)n+1

dθ =
∫ π

2

0

1
(2 + cos θ)n

dθ = In · · · 4©

Kn+1 − 4In+1 =

∫ π
2

0

cos2 θ − 4
(2 + cos θ)n+1

dθ =
∫ π

2

0

cos θ − 2
(2 + cos θ)n dθ = Jn − 2In · · · 5©

By means of 3©, 4©, 5© .

3(n + 1)In+2 − (4n + 2)In+1 + nIn = − 1
2n+1

(n = 1, 2, 3 · · · ) · · · 6©

Much the same as 11 .

I1 =

√
3

9
π · · · ans.

If we define I0 adequately, 6© holds true if n = 0. Substitute n = 0, 1, 2 to 6© in this order.

I2 =
2
√

3
27
π − 1

6
, I3 =

√
3

18
π − 5

24
, I4 =

11
√

3
243

π − 5
24

· · · ans.

Comment

6© holds true if n < 0.


